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Effects of Species Diffusion and Heat Conduction
on Nonequilibrium Flows behind Strong Shocks

WALTER E. GIBSON* AND JOHN D. BucKMASTERf
Cornell Aeronautical Laboratory, Inc., Buffalo, N. Y.

The effects of species diffusion and heat conduction are investigated for nonequilibrium
flows behind strong, one-dimensional shocks. The relaxation zone is analyzed separately
from the shock transition zone for translational (and rotational) temperature. It is shown
that transport processes effectively decrease the high concentration and temperature gradi-
ents occurring in the relaxation zone behind strong shocks. This specific nonequilibrium
behavior is studied for both vibration and dissociation. Strong effects are noted at shock
speeds of 20 kft/sec (for vibration) and 29 kft/sec (for dissociation). Preliminary results are
also given for airflows with coupled chemistry. Furthermore, a method for including the
effects of freestream dissociation is presented for flows involving transport processes. Ap-
plications to bow shock flows at high re-entry speeds are pointed out.

Nomenclature

a ~ mean thermal velocity
a' = scaling factor denned in Eqs. (40) and (41)
A0(Fm) = function defined in Eqs. (31)
b = viscosity coefficient defined in Eq. (19)
C ~ rate coefficient for a Lighthill gas
D ~ diffusion coefficient
F(a, h) = function defined in Eqs. (26)
h = enthalpy parameter defined in Eq. (22)
$(ot; A, h) = function defined in Eq. (38)
I' ~ relaxation length in Eq. (11)
n = number of collisions for relaxation
p = gas pressure
q = gas velocity
(R = universal gas constant, equal to 8.32 X 107 cgs
8 .= temperature exponent of dissociation rate [see

Eq.(23)]
Sc = Schmidt number, see Eq. (20)
T — gas temperature
Td = characteristic temperature of dissociation for a

Lighthill gas
T1 = dimensionless temperature defined in Eq. (21)
V = shock speed

W = molecular weight
z = scaled slope of concentration profile, see Eq. (25)
a = dissociation fraction
$ — function defined in Eqs. (6)
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Subscripts
SH =

adiabatic exponent immediately behind the trans-
lation zone

collision diameter, A
function defined in Eqs. (32)
local concentration of species
local equilibrium concentration of species
mean free path
parameter defined in Eq. (24)
gas viscosity
gas density
distance from the downstream boundary of the

translation zone ( VSH = 0)
distance variable defined in Eqs. (6)
equal to <r'A1/2, see Eq. (3.7)
relaxation time, see Eq. (4)
collision integral, see Eq. (19)

= denotes properties measured immediately behind
the translation zone

oo = denotes freestream properties
( ) = denotes a solution obtained for ««> = 0, see Eqs.

(39)etseq.

1. Introduction

SHOCK wave structure has attracted much interest as
the basic example of a high energy, nonequilibrium flow.

Both elastic and inelastic collision processes are involved in
the coupling of translational energy with rotation, vibration,
and chemical reactions. The nature of the coupling de-
pends on shock strength.

For weak shocks, elastic collisions are much more frequent
than inelastic ones so that the gas reaches translational
equilibrium across a comparatively narrow zone. In the
present paper, this region of translational equilibration is
called the "translation zone." At low temperatures, the
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narrow translation zone can be studied1 independent of re-
laxation processes. The internal degrees of freedom remain
frozen at their freestream values, and the controlling physical
effect is the elastic exchange of kinetic energy and momen-
tum. This situation has been described1 by various ap-
proximate solutions of the Boltzmann equation. Further-
more, the zone where relaxation occurs involves a continuum,
inviscid flow. The initial conditions for the various relaxa-
tion processes are specified by the state of the gas after the
translational transition. Current studies of this zone at the
Cornell Aeronautical Laboratory include the coupling be-
tween vibration and dissociation.2

At high temperatures, the extrapolation1' 3 of experimental
data indicates a rapid decrease of the relaxation times for
vibration and dissociation in airflows. Then, the division
of shock structure into translation and relaxation zones
must be carefully checked. Two questions should be asked
about the relaxation zone. Does it depend on the structure
of the translation zone? Is the flow inviscid?

The first question is considered in Refs. 1 and 4-7. The
estimates of Ref. 1 and the solutions of Refs. 4 and 5 suggest
that relaxation of vibration and dissociation never develops
before the end of the translation zone. Even rotational re-
laxation is independent of the structure of the translation zone,
as demonstrated by the solution of Ref. 6. Further estimates
given in Ref. 7 support these conclusions.

To answer the second question, one need only examine
available inviscid solutions. For example, at a lunar re-entry
speed,8 the relaxation zone shows such extreme concentra-
tion gradients that species diffusion must become important.
Concurrently, the translational temperature drops very fast
because thermal energy is very rapidly transformed into
chemical energy. As a result, heat conduction cannot be
neglected. In such a noteworthy situation, species diffu-
sion and heat conduction are enhanced by the nonequilibrium
nature of the flow.

This situation is studied here. The effects of nonequilib-
rium flow were not included in previous studies concerned
with electron diffusion ahead of the shock.9' 10 Furthermore,
species diffusion was neglected (zero Lewis number) in the
early work of Ref. 4 which treats oxygen dissociation in air
at a shock speed of 20 kft/sec. In the present paper, species
diffusion and heat conduction are found to have important
effects on the relaxation zone at shock speeds of 20 kft/sec
or more, depending on the chemical species.

The model for a strong shock assumes that the translational
transition is completed before any significant relaxation
occurs. This is consistent with the previous results just dis-
cussed. However, species diffusion and heat conduction
are now allowed in the relaxation zone. Analytic and nu-
merical solutions are obtained for simplified chemical models.
The upstream boundary of the relaxation zone is defined by
matching the concentration profile with a pure diffusion
solution. This latter solution applies within the translation
zone, where relaxation rates are neglected by virtue of the
basic assumption.

The analysis of the relaxation zone is further simplified
by dropping terms of order P^/PSH, pm and PSH being, respec-
tively, the freestream density and the density immediately
behind the translation zone. Thus, momentum flux and
momentum transport are neglected as higher-order effects
so that the pressure remains constant. Accordingly, pressure
diffusion is not included. Thermal diffusion is also ignored,
as suggested by the results of Ref. 11. The Lewis number
is assumed to be one so that species diffusion and heat con-
duction are given equal importance. Hence, the gas en-
thalpy is not affected12 by species diffusion and heat conduc-
tion, i.e., the enthalpy remains equal to its post translation
zone value, to order (pm/psn)*. Finally, it should be noted
that continuum flow is assumed in the relaxation zone.

It is interesting to compare the present study with the
work of Refs. 13 and 14. These references account for trans-

port processes in blunt body flows with cold walls near the
free molecule limit. Then, nonequilibrium relaxation proc-
esses are not an essential feature of the problem. In fact,
wall cooling depresses the reaction rates and effectively cancels
the specific nonequilibrium behavior analyzed here. Species
diffusion is important in Ref. 14 because of large mean free
paths rather than because of high concentration gradients.
In both Ref. 14 and the present paper, it is shown that up-
stream diffusion creates finite concentrations of excited
species immediately behind the translation zone.

The rest of the paper comprises three sections. Section 2
gives the solution for a linearized model which displays the
effect of species diffusion in a simple manner. Section 3 is
devoted to a nonlinear theory for the Lighthill gas15 including
both species diffusion and heat conduction. Analytic and
numerical solutions are obtained. The subtraction rule of
Ref. 16 for freestream dissociation is extended to flows in-
volving diffus on and conduction. Finally, Sec. 4 presents
the conclusions. Applications to air flows with coupled
chemistry and to blunt body flows are noted in Sees. 3 and 4.
Reference 7 may be consulted for the mathematical details.

2. Linearized Theory

This section involves a single, linearized rate equation with
species diffusion. The rate equation is analyzed behind the
translation zone of a normal shock where the gas is assumed
to be in translational equilibrium. J The results demonstrate
the importance of species diffusion when the reaction rate is
high. They are applied to vibrational relaxation in oxygen
and nitrogen.

2.1 Flow Model

The one-dimensional flow behind the translation zone has
a constant mass flux and a nearly uniform pressure

pq = p « PSH =
2

7s//
(1)

Density changes are neglected in the linearized treatment of
the relaxation zone, so that

PSH
Poo

~h 1
JSH —

(2)

In addition, the Schmidt number (or Prandtl number for
diffusion) is set equal to one, although any constant value
could be retained. Hence, the diffusion coefficient is

D = (3)

These assumptions simplify the analysis without compromis-
ing its general significance.

Upon inclusion of the diffusion term and application of
Eq. (3), the relaxation equation is given by17

— _ i — ( d^\ = * ~ €

do- pda\ da/ r (4)

For vibrational relaxation, e can represent the average vibra-
tional energy of the gas, and Eq. (4) then accounts for the
diffusion of vibrationally excited molecules (see Appendix A
of Ref. 7). For a dissociation process, e represents the atom
concentration, and Eq. (4) includes the rate of atom diffusion.
In both cases, the relaxation time r is conveniently ex-
pressed in terms of an average number of collisions for re-
laxation, say n. The relaxation time r is then given by nX/a,
where X and a are the mean free path for elastic collisions and

t Rotational equilibrium is also assumed behind the transla-
tion zone, since rotational relaxation is not of particular interest
here.



OCTOBER 1964 NONEQUILIBRIUM FLOWS BEHIND STRONG SHOCKS 1683

the mean thermal speed, respectively,
and a = (8p/irp)1/2, one finds6

r = Or/4)fri/p)w

Applying X = 2/x/pa

(5)
In the present analysis, e and n are assumed constant (so

that c = €SH). This differs somewhat from the usual treat-
ment18 of linearized theory where the variations of e are
allowed. For vibrational relaxation, the linearization is
justified in Appendix A of Ref. 7. For dissociation, the case
of primary interest corresponds to high temperatures and low
densities, i.e., to a situation where the local equilibrium is
given by full dissociation, e = 1. Since the viscosity is a
weak function of temperature and of e, the assumption of con-
stant n is only slightly less restrictive than that of constant
relaxation time. Thus, the physical situation considered
here is essentially that of relaxation in a heat bath. The
heat bath solution is further examined in Sec. 3.

Two new variables are now introduced in Eq. (4), namely,

= r'q-Jo D
(6)

In the relaxation zone, a' is equal to TT(JSH — l)/8 times the
number of collisions experienced by a gas particle in going
from 0 to a. After application of Eqs. (1, 2, 5, and 6), Eq.
(4) reduces to

da' da'2 TT(JSH — I) n- (1 - (7)

To determine a unique solution of Eq. (7), two boundary
conditions are required. Let pm be the freestream value for
P, i.e., the value prescribed ahead of the translation zone.
Far behind the translation zone, the rate process reaches
equilibrium. Hence, one has

7 _ __ „ . /O _ /O __ f l~ fQ\<j> = +00: p = r
According to the present model, the relaxation rate is neg-
lected upstream of the relaxation zone, i.e., within the trans-
lation zone and ahead of it. In this region, Eq. (7) can be
integrated to give

- £00 = dp/da' for o' < 0 (9)
The solution of Eq. (9) predicts an exponential decay to
pm as a' -> — oo. At a' = 0, the P(a') profile must be
continuous. Thus, Eq. (9) and the second Eq. (8) provide
the boundary conditions for the relaxation zone

a' = 0:

-' = +co: p =

+ (dp/da')SH
(10)

The boundary condition at the shock includes a transport
term (dp/da')sn that is analogous to that introduced in Ref.
14 for blunt body flows. Here, the transport effect arises
specifically from the relaxation process rather than from the
influence of a cold wall. As shown in Sec. 2.2, the inviscid
limit PSH = Pco is recovered when n is large, i.e., when the
relaxation time is long. For small n, the transport term in
Eqs. (10) becomes much larger than P^, and the relaxation
process is strongly modified by diffusion.

2.2 Solution of the Linearized Rate Equation

The exact solution of Eqs. (7) and (10) is

1 - I a'\
= 6XPl ~ 7^ )\ I I (ID

where the relaxation length V and the concentration at the
shock are found to be

1 - V
(13)

The effect of species diffusion is displayed by the dependence
of I' and PSH on n. If n is large, the diffusionless solution is
recovered, corresponding to the neglect of d*/3/da'2 in Eq.
(7). Equations (12) and (13) then reduce to

V PSH -> 0. for n » 1 (14)

and exactly n collisions are required to decrease (1 — P)/
(1 — PSH) from 1 to 1/e, On the other hand, if n is small,
the diffusion term becomes dominant in the left-hand side
of Eq. (7), giving

(15)
1 -

2[(ir/8)n(ySH -
for small n

Then, diffusion is an important mechanism, and the re-
quired number of collisions for relaxation is [8n/Tr(jsH —
1)]1/2. Generally, as n decreases, both I / I ' and PSH increase
so that p increases for any fixed value of a'. It also can be
verified that diffusion decreases the concentration gradients.

As a realistic example, consider the range 10 < n < 100
with JSH = |. For n = 100, one finds from Eq. (12) I' =
16.67 in excellent agreement with the first Eq. (14). For
n = 10, the exact solution gives I' = 2.27, whereas the first
Eq. (14) is still more accurate (I' = 1.58) than the strong
diffusion value, I' = 1.31. Thus, the inviscid solution for
the relaxation length is essentially valid for n > 10. On the
other hand, the concentration at the shock is appreciably
modified by diffusion since the factor 1/(1 + I') increases
from 0.06 (for n = 100) to 0.30 (for n = 10). The conclu-
sion is that, for n > 10, species diffusion modifies the inviscid
profile effectively as an increase in freestream concentration.
It should be recalled that heat conduction has no effect in the
present model, since the relaxation time remains essentially
constant.

The effective increase in freestream concentration is de-
fined by Eq. (13). It is most marked when f$m is small, as
occurs for a vibrationally cold or undissociated freestream.
Furthermore, if n is kept the same, the ratio (1 — PSH)/
(1 — £00) remains constant:

1 - 1 -
1 - 1 - (16)

for any choice of pm and £«/. If pm and £«/ are small, Eq.
(16) reduces to a subtraction rule similar to that of Ref. 16,
namely,

Psn(P«>') ~ (17)

Equations (16) and (17) are extended in Sec. 3 for a nonlinear
relaxation equation.

2.3 Vibrational Relaxation

The effect of species diffusion on vibrational relaxation
behind a translational (and rotational) zone is now evaluated
by applying the general solution, Eqs. (11) and (12). The
validity of the flow model will also be studied.

The model for vibrational relaxation is that proposed in
Ref. 18 for diatomic molecules. The rate equation is de-
rived following Ref. 18 with, however, the inclusion of a trans-
port term. This term describes the interdiffusion of vibration-
ally excited molecules. It is found to have an important
effect at high temperatures.

As shown in Appendix A of Ref. 7, the rate equation is
given by Eq. (7) with a' and P defined as in Eqs. (6) and e
equal to the average vibrational energy. In fact, if both vi-
brational and translation temperatures are high, P is equal



1684 W. E. GIBSON AND J. D. BUCKMASTER AIAA JOURNAL

og
m 100

3 10

PURE N2

PURE 02

10 15 20 25
TEMPERATURE, IO"3 T,°K

30 35

Fig. 1 Collision number for vibration.

to the ratio of vibrational to translational temperature (fully
excited equilibrium vibration). Three gas mixtures are
considered in the computations, namely, pure O2, pure N2,
and 02 in a bath of argon. The corresponding relaxation
times are given by extrapolations of experimental data19"21:

101 44

= 1.1 X

'i Oa-A 1.1 X IO-15 T75/6 fl - expf- ^P)l * X

1.04 X 107\1/3

(is)

exp

In Eqs. (18), r, p, and T are measured in seconds, atmos-
pheres, and degrees Kelvin, respectively. The respective
viscosity coefficients are approximated by the kinetic formula
for a monatomic gas

1/2 b =
2.7 X IP"5

(19)

The data for the collision diameter d (in angstrom) and the
collision integral 122« 2 are obtained from Ref. 16. Finally,
ysn is set equal to -f for 02 and N2 and to -f for the argon bath.

As shown in Eq. (12), the governing parameter of the
problem is the collision number, n. For vibrational relaxa-
tion of a given mixture, n depends only on the translational
temperature [cf. Eqs. (5, 18, and 19)]. The function n(T)
is plotted in Fig. 1 for the three mixtures over a range of
5000°K < T < 30,000°K. As T increases, n decreases
rapidly because the increase of ju with temperature is over-
whelmed by the strong decrease of r. In fact, the curves
of Fig. 1 are ordered according to the relaxation times, re-
flecting the decreasing collision efficiencies of 02, A, and N2
at a given temperature. It should be noted that n never
falls below 10 in the range considered. This fact will be
used below to justify the flow model adopted here.

Consistent with linearized theory, the value of n in Eqs.
(12) and (13) is evaluated at the translational temperature
for frozen vibration. This is rigorously correct for the argon
bath and is found to be quite accurate for pure 02 and N2.
Figure 2 shows the vibrational temperature TV, SH immedi-

ately behind the translation zone as a function of shock
speed. The data correspond to a vibrational temperature
Tvm = 300°K in the freestream. The computation is based
on Eqs. (12) and (13). For inviscid flow, one has TV, SH =
Tvm = 300° K. The large effect of diffusion is apparent at
shock speeds higher than IO4 fps. As Fra increases, so does
the ratio TV, SH/TSH, TSH being the translational tempera-
ture at the shock. The significance of these results must,
of course, be evaluated in view of the limited validity of the
extrapolations used in Eqs. (18).

The order of the three curves in Fig. 2 should also be noted.
At fixed shock speed, TSH is essentially the same for 02 and
N2, and the higher value for TV, SH (02) reflects only the
lower value for n (02). However, TSH is appreciably higher
for the argon bath (higher values of 7^ and WQ), and, con-
sequently, the order of the three curves is different from that
observed in Fig. 1.

Since large effects of diffusion are predicted for a realistic
range of shock strengths, it appears worthwhile to study the
flow model in more detail. This is done in Ref. 7 using the
solutions obtained in Ref. 6. For the values of n indicated
in Fig. 1, the present flow model is found to be accurate.

3. Analytic and Numerical Solutions
for a Lighthill Gas

3.1 Introduction

The rate equation solved in the present section includes
the variation of relaxation time with local temperature and
concentration which was neglected in the linearized theory
of Sec. 2. Thus, species diffusion and heat conduction are
both involved in the solution. The problem treated is the
dissociation of the Lighthill gas. Analytic solutions are
given for a range of values of the rate coefficient which com-
prises the transition from an inviscid flow to one controlled
by diffusion. Numerical solutions are also obtained. Air
flows with coupled chemistry are also briefly discussed. The
effect of dissociation in the freestream is considered, and the
subtraction rule of Ref. 16 is extended to flows involving
species diffusion.

3.2 Flow Model

Equations (1) remain valid behind the transport zone.
However, in the present treatment, density variations in the
relaxation zone are accounted for. Furthermore, the
Schmidt number may now differ from one, so that the diffu-
sion coefficient is given by

D = (»/p)Sc (20)

The Lewis number is assumed to be one. Thus, the enthalpy
of the gas stays essentially constant (q/Vm «: 1 in the re-
laxation zone) even when diffusion is important. The enthalpy
of a Lighthill gas15 is given by

h = (4+ a)Tr + a

with the enthalpy parameter

T' = T/Td (21)

(22)

The freestream concentration, am in Eq. (22), is set equal to
zero in the solutions unless otherwise specified.

The viscosity coefficient is approximated by the value
given in Eq. (19) for the undissociated gas. Indeed, the
dependence of ju on a. is not an important feature of reacting
gas flows.22 Furthermore, three-body recombination can
be neglected in the relaxation equation23 because the final
equilibrium level reaches full dissociation at the high shock
speeds of present interest. The dissociation rate is taken to
be

Cp(l - a)T-*exp[-(Td/T)}
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in conformity with the classical notation for a Lighthill gas.
Equations (1,. 6, 20, and 21) and the equation of state are
combined with the relaxation equation, giving

da CWQ< I _____•"
M \JSH +

I - a
(1 + a)2

X

T1 = 4 + a

(23)

J

Since the local equilibrium concentration (e in Sec. 2) is
equal to unity, ft now becomes equal to the dissociation
fraction a.

Next, Eq. (19) is substituted into Eqs. (23), and a con-
trolling parameter of the problem is defined:

A -
(R27V+3/2 (24)

where, for simplicity, the viscosity coefficient b and the
Schmidt number are assumed constant. As shown below,
it is useful to scale the profile slope by A1/2. Consequently,
a new unknown function is introduced:

z = k~ll2(da/dcr') (25)

Equations (23) reduce to a first-order differential equation
for z(a; A, h) because the variable <r' is not explicitly involved.
This simplification is due to the fact that the normal shock
flow defines its own length scale. One obtains the basic
formulation

[A"1/2 - (dz/da)]z = (1 - a)F(a, h)
(26)

The boundary conditions for Eq. (26) are derived from
Eqs. (10), namely,

' — 0: da/d<r' = z(asn, A)A1/2 = OLSH — oc*

a = 1 z = 0
(27)

In fact, Eq. (26), being of first order in z, requires only one
boundary condition that is chosen to be the second Eq. (27).
Once the singular solution of Eq. (26) a. = 1, z — 0 is dis-
carded, the second Eq. (27) specifies a unique, physically
acceptable solution for z(a, A). The first Eq. (27) only
serves to determine

3.3 Analytic Solutions

Consider, first, the limiting cases of inviscid flow and of
flow with strong diffusion. Since the parameter A is propor-
tional to the ratio of the cross sections for inelastic (dissoci-
ation) and elastic collisions, small values of A correspond to a
weak effect of diffusion. Indeed, for small A, Eqs. (26) yield
the inviscid solution

z = (1 - a a, h)
On the other hand, for large A, Eqs. (26) reduce to

-z(dz/da) - (1 - a)F(a, h)

(28)

(29)

Thus, the A-dependence of z disappears for strong diffusion.
This behavior motivated the choice made in Eq. (25).

To derive an analytic solution of Eqs. (26), it is helpful
to start with a simple case where the rate function F(a, h) is
approximated by a constant mean value

F(a, h) « Fm (30)

The corresponding physical situation is that of dissociation

in a heat bath [F(a, h) is primarily dependent on tempera-
ture that remains constant for the heat bath.] Equations
(26) then have an exact solution

z = (1 - a)A

A = Ao(Fm) = i[(4/?w + - A"1/2]
(31)

As expected, the function Ao(Fm) is simply related to the
relaxation length V of the linearized theory [cf. Eq. (12)].
One has

V = A~1/2

Equations (31) also apply when F(ct, h) varies slowly with
a, provided Fm is replaced by the local value F(a, Ji). A
correction term of order dF/da is easily included as follows.
Equations (31) are substituted into Eqs. (26) giving an exact
relation for A:

A - (F/A) + A-1/2 = (1 - a)(dA/da)
Next, using a perturbation expansion,

A = A»(F) +

or

1 + 2A0(/OA1/2 da

z = (1 - a)A0[a + A(a)]
(32)

2AQ[F(a,

This result provides a simple analytic solution. For weak
diffusion (A -> 0), Eqs. (32) agree with the exact solution up
to order A5/2. For strong diffusion (A ^> 1), Eqs. (32) are
subject to an error of order [<b2F(a, /&)/da2], as may be
checked by substitution into Eq. (29). In fact, Eqs. (32)
are in good agreement with the exact numerical solution ob-
tained below for A > 1. This is shown by Table 1 in which
the analytic solution for z (a — 0, h) is compared with the
exact solution (h = 3.0).

The maximum error of the approximate solution does not
exceed 16%. For other values of a and h, the agreement is

12,000

10,000

8,000

6,000

4,000

2,000
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Fig. 2 Vibrational temperature behind translation
zone.
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Table 1 Comparsion of exact and approximate solutions

1 10 102 103

A0[A(0)J
Exact

0.23
0.26

0.33
0.39

0.39
0.46

0.41
0.48

0.42
0.50

equally good. This is not surprising in view of the physical
validity of the analytic solution. Indeed, at high enthalpies,
neither the temperature nor the chemical rate vary strongly
with a so that the heat bath approximation is valid. At
low enthalpies where diffusion is less important, the inviscid
solution is identically recovered by Eqs. (32).

In summary, the relaxation equation for nonequilibrium
diffusive flow behind a normal shock has a simple analytic
solution that describes accurately the transition from weak
to strong diffusion effect as the rate coefficient is increased.

3.4 Exact Solutions and Results

Exact solutions for a Lighthill gas

The exact solution of Eqs. (26) is obtained by numerical
integration starting from the equilibrium limit, a = 1 with
A = z/(l — a) as an auxiliary unknown. For A > 10, the
numerical scheme is found to be stable. For A < 10, a
numerical instability arises near a = 1. It is circumvented
by applying Eqs. (32) over a small interval ai < a < 1. The
effect of varying «i between 0.95 and 0.99 is found to be
negligible.

Once z(a, h) is known, the concentration profile is obtained
from

f*a. rp'l/= L ~ da U/2 (33)

where O.SH is the concentration at the upstream boundary of
the relaxation zone. Furthermore, OLSH is determined by
the first Eq. (27).

Effect of diffusion for a Lighthill gas

The numerical solutions for z(a\ A, h) are given in Fig. 3.
The data have been computed for h = 3(e.g., V'«> = 28.5
kft/sec in pure oxygen and am = 0). The temperature ex-

———— EXACT SOLUTION
——— INVISCID SOLUTION

— • - - E q . ( 9 ) , 0^=0

h = 3 , s = 0

0.2 0.4 0.6 0.8 1.0
DISSOCIATION FRACTION, Q

Fig. 3 Effect of diffusion on concentration gradients for a
Lighthill gas.

ponent s in Eqs. (26) is set equal to zero as suggested by re-
cent experimental results.24 A large range of values of A is
considered, so as to explore the parametric dependence of
the solution. When the following values are substituted in
Eqs. (19) and (24),

8 = 3.5 A

C = 6 X 10H .
one finds

= 0.7 W0 = 32 Sc = 1

Td = 6 X 104 °K

A = 82

(34)

(35)
Actually, the choice of C in Eqs. (34) corresponds to 02 dis-
sociation in a bath of argon.24 By analogy with the lower
temperature case,25 it is expected that 0 atoms would have
a higher collision efficiency than argon, so that Eq. (35) may
give a lower limit for A.

The dashed lines in Fig. 3 represent the inviscid solution,
Eq. (28), and the dotted lines define the solution for pure
diffusion, Eq. (9). The exact solutions including diffusion
and relaxation effects are shown as full lines. Figure 3
demonstrates that diffusion is quite effective in smoothing
out the concentration gradients, i.e., for a given A > 10,
the exact solution is much smaller than the inviscid solution.
In fact, z is a weak function of A for A > 102, so that the
solution is essentially that obtained for strong diffusion [see
Eq. (29) and the subsequent discussion]. On the other
hand, the dashed and full curves in Fig. 3 agree compara-
tively well at A = 1, indicating that A = 1 defines a lower
limit of the diffusion-controlled regime.

For the cases considered in Fig. 3, one finds appreciable
concentrations immediately behind the translation zone:

= 0.17

aSH = 0.46

for A = 1

for A - 10
(36)

Thus, diffusion creates finite atom concentrations immedi-
ately behind the translation zone. This behavior is analyzed
in Ref. 14 for a fully viscous shock layer with a cold wall.
The present results show that species diffusion has a similar
effect on normal-shock flows that do not involve heat losses.

The effect of finite concentrations at the shock on the con-
centration profiles is apparent from the full curves of Fig. 4.
The curves are plotted against the scaled coordinate o"'(A)1/2

for A = 1, 10, and 102 and h = 3.0 (same as in Fig. 3). The
dashed curves represent the inviscid solutions. The solu-
tions including diffusion and conduction are expressed in the
form

(a; A, h). - S(CLSH; A, h)- = cr'(A)1/2 = S (37)
where

(a; A, h) = r —^f-
Jo 2(«;A,,

(38)

In other words, the profiles a(S) are obtained by cutting
off the basic profile

d(a\ A, h) = 2
at a < OLSH. This procedure should be compared to that
applied in Ref. 1 to account for the effect of freestream dis-
sociation on inviscid flows.

For A = 1, it is found that the function 3 agrees essentially
with the inviscid solution 3(a, 0, h). Consequently, the
diffusion profile can be obtained by cutting off the inviscid
solution at a < OLSH. When diffusion is weak, it modifies
the inviscid flow in the same manner as the presence of a
finite atom concentration in the freestream. The strong
effect of diffusion is apparent for A = 10 and 102. For
fixed a, the comparison with the inviscid profiles shows that
the concentration gradient is strongly reduced by diffusion.
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For a fixed distance behind the transport shock, the dissoci-
ation fraction is, in general, strongly increased. However,
the relaxation length for the variable <r'(A)1/2 is not drastically
modified by diffusion. Hence, the relaxation length can be
estimated for practical purposes on the basis of the inviscid
solution for the same value of A. Thus, the determination
of the rate coefficient from a measurement of the relaxation
time is not critically affected by species diffusion.

The foregoing results for a Lighthill gas agree essentially
with those obtained from the linearized theory of Sec. 2.
The only difference is that species diffusion and heat con-
duction have a stronger effect on profile shape in the non-
linear theory.

3.5 Applications to Airflows and to Flows with Dissociated
Freestreams

Effect of diffusion for airflows

Strong shocks in air are considered in Ref. 7 (Appendix
B). The shock speed assumed is 23 kft/sec. Electron diffu-
sion is taken to be ambipolar, and the rates of Ref. 25 are
used. Oxygen atom and temperature distributions are not
modified by diffusion, but nitric oxide and electron distribu-
tions are strongly affected [see Figs. (B-l) and (B-2) of
Ref. 7]. For instance, (NO) and (e~) immediately behind
the translation zone are increased to 2.5 X 10~3 and 10~5

moles per original mole, respectively, through upstream
diffusion from the relaxation zone. These results are ob-
tained from approximate solutions, and their validity should
be verified on the basis of exact solutions.

Effect offreestream dissociation for a Lighthill gas

The effect of freestream dissociation on the nonequilibrium
flow of a Lighthill gas with diffusion and conduction is an-
alyzed in Ref. 7. A subtraction rule for freestream dissocia-
tion is derived. It is a direct extension of the results of
Ref. 16 which were given for inviscid flow. One finds

a(a'] h) —

T(<r';h) « T (a'<r';

a(a'crf] h) — O.SH
(39)

OiSH — = a'
OiSH

where the scaling factor a' takes on different values de-
pending on the importance of transport phenomena. Barred
symbols denote a solution for am = 0. For weak diffusion
(A < 1), a' is equal to

1 — OLSH (1 + QJ-snY h — fta
1 — OiSH (1 ~h OLSH)Z h

For strong diffusion (A » 1), one has
— OLSH 1 + OLSH /k — Ca' =

OLSH 1 + OiSH

(40)

(41)

In both cases, a'_is independent of the rate coefficient, and
the enthalpy h and h must be related by

h — aSH = h — as
or

h = h + (^ - l)ctSH

(42a)

(42b)

These results are established by a straightforward extension7

of the analysis of Ref. 16. One should note that, for asn = 0
(no diffusion), Eq. (42) reduces to the requirement of fixed
velocity in the freestream.16

4. Concluding Remarks
The paper considers the effect of species diffusion and heat

conduction on nonequilibrium gas flows behind strong shocks.

0.9

0.8

0.7a

2 0.6
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0.5
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EXACT SOLUTION, Eq (37)
INVISCID SOLUTION

I 2 3 4 5 6 7 8 9 10
SCALED COORDINATE BEHIND SHOCK, cr'/A

Fig. 4 Effect of diffusion on concentration profiles for a
Lighthill gas.

In the present model, the shock wave is divided in two zones
that are controlled by translational equilibration and relaxa-
tion processes, respectively. Within the translation zone,
the gas achieves a high enthalpy by translational equilibra-
tion through elastic collisions without appreciable internal
excitation. Within the relaxation zone inelastic collisions
bring about internal excitation subject to species diffusion
and heat conduction. The upstream boundary of the re-
laxation zone is determined by matching the concentration
profile for the relaxation zone with the pure diffusion solution
applicable within the translation zone.

The analysis is developed for two chemical models, vibra-
tional relaxation and dissociation. Applications to air-
flows with coupled chemistry are indicated. The results
show important effects of species diffusion and heat conduc-
tion at shock speeds above 20 kft/sec. Species diffusion
and heat conduction strongly decrease the concentration
gradients predicted by inviscid solutions for the relaxation
zone. Furthermore, the diffusion of excited species estab-
lishes finite concentrations within the translation zone.
On the other hand, the relaxation length is not appreciably
modified.

The extent of the effects depends on the relaxation process.
Vibrational relaxation is rather insensitive to heat conduction
because of the small energy content involved and of the weak
dependence of relaxation time on translational temperature.
However, the diffusion of vibrationally excited molecules is a
major effect at shock speeds as low as 20 kft/sec. For in-
stance, the vibrational temperature immediately behind the
translation zone in pure 02 at 20 kft/sec is found to be
4000° K. The inviscid solution, however, predicts a vibra-
tional temperature equal to the freestream value, namely,
300°K in the present example.

At 23 kft/sec in air, electron and nitric oxide distributions
are strongly affected by diffusion7; atom and temperature
distributions are not. Again, high molar concentrations are
created immediately behind the translation zone, i.e., 10~5

moles per original mole for electrons and 2.5 X 10~3 for nitric
oxide. Finally, at 29 kft/sec, the dissociation of pure O2
is shown to be markedly influenced by both diffusion and
conduction. Analytic and numerical solutions are given,
and the effect of changing the rate coefficient is examined.
A tenfold decrease of the rate coefficient from the presently
used value does not materially reduce the importance of
transport processes.

The subtraction rule of Ref. 16 for a dissociated freestream
is extended to nonequilibrium flows involving species diffusion
and heat conduction. In most cases, the effect of freestream
dissociation on an inviscid flow is quite similar to that of
transport processes. The analogy requires that the state of
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the gas be the same immediately behind the translation zone.
Thus, the shock speed must be fixed, and the freestream
dissociation must equal that created by species diffusion.

The full validity of the present results will become clearer
with our increasing knowledge of high-temperature air chem-
istry. However, it is suggested that species diffusion and
heat conduction should not be routinely neglected in the
study of relaxation zones behind strong shocks. These
effects should also play an important role in blunt-body
flows near the bow shock even when the Reynolds number
based on body radius is large.
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